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A mathemat i ca l  model  is given descr ib ing  the heat  field in v a c u u m - a r c  melt ing.  A numer i ca l  
computat ional  method is desc r ibed  and the r e su l t s  of actual  computat ions on a digital compute r  
a r e  given.  

At the p re sen t  t ime the industr ial  product ion of high quality meta ls  by mel t ing in a wa te r - coo led  c r y s -  
tal l izing tank is widely p rac t i ced .  Very frequently v a c u u m - a r c  mel t ing furnaces  a r e  used.  The main out-  
line of the p r o c e s s  is shown in Fig. 1. 

Melting begins when the f i r s t  drops  of liquid meta l  fall  on a layer  of cold meta l  of given thickness 
(the so -ca l l ed  templet) .  The meta l  drops  a lso  fall on the wall of the c rys ta l l i z ing  tank and congeal on it, 
fo rming  with the condensate  the so -ca l l ed  "corona ."  As the flowing e lec t rode  fuses ,  the ba r  grows and, as 
a r e su l t  of t he rma l  shr inkage  as it cools ,  it b ranches  out f r o m  the wall,  fo rming  a t h e r m a l  gap, through 
which rad ia t ive  heat t r a n s f e r  occurs  (the region Fit ). 

Under the m i r r o r  of the bath (F2t) and also at the wa te r - coo led  t ray  (F0t) there  is d i rec t  contact  b e -  
tween the ba r  and the wall; heat  t r a n s f e r  in these regions  may be rad ia t ive  or  by the rmal  conductivity.  In 
this connection, it is m o r e  convenient  for  the ensuing d iscuss ion  to a s s u m e  that in this case  the heat  t r a n s -  
f e r  is de te rmined  by Newton's  law with a ce r ta in  equivalent -contac t  h e a t - t r a n s f e r  coefficient  a c.  The nu-  
me r i ca l  values  of the h e a t - t r a n s f e r  coefficients  a 2 and c~ 0 between the ba r  and the wall of the c rys ta l l i z ing  
tank in the region F2t and between the ba r  and the t ray  in the region F0t r e spec t ive ly  were  de te rmined  ex-  
pe r imen ta l ly  in the furnaces  used by the method of s epa ra t e  c a l o r i m e t r i c  m e a s u r e m e n t s  and also by the 
d i rec t  m e a s u r e m e n t  of the wall  t e m p e r a t u r e  of the c rys ta l l i z ing  tank. 

Radiat ion occurs  f r o m  the m i r r o r  of the l iqu id-meta l  bath (region F3t ) in the gap between the wall  
and the e lec t rode  and at the e lec t rode ,  the t e m p e r a t u r e  of the end of which can be taken as constant ,  equal 
to T e. In addition, the m i r r o r  of the bath abso rbs  pa r t  of the heat  emit ted in the a r c .  

The p r o c e s s  of fo rming  the ba r  is nons ta t ionary .  At the initial moment  of fusion, when the cooling 
effect  of the t ray  is impor tant ,  the l iqu id-meta l  lane is f lat .  As fusion continues the lune deepens until the 
onset  of quas i s ta t ionary  the rmal  condit ions.  

An impor tant  p rob lem in the study of the fo rmat ion  of the ba r  is the de te rmina t ion  of the the rma l  field 
of the b a r ,  and in pa r t i cu l a r ,  the posi t ion and shape of the c rys ta l l i za t ion  i so the rmal .  By studying the r e l a -  
tion between the the rmal  field and the p a r a m e t e r s  of the p r o c e s s  it is poss ib le  to make impor tant  conclusions 
about the optimal  course  of the p r o c e s s .  

But exper imenta l  m e a s u r e m e n t  of the t he rma l  field is a lmos t  unat tainable because  of the difficulty of 
a cce s s  to the working region of the furnace  and the g rea t  complexi ty  in the m e a s u r e m e n t  of the t e m p e r a t u r e  
of the liquid meta l .  

In formula t ing  the p rob l em  we make  the following assumpt ions :  

1) the heat  in both the solid and liquid phases  is conducted only by the rmal  conductivity; 
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Fig. 1 
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Fig. 2 

Fig. 1. D iagram of a v a c u u m - a r c  furnace:  1) test  e l ec -  
trode; 2) wa te r -coo led  c rys ta l l i z ing  tank; 3) in t e r -  
a rc  gap; 4) l iqu id-meta l  lune; 5) hardening metal ;  6) 
wa te r - coo led  t r ay .  

F ig .2 .  The i so thermal  field in the b a r  af ter  25 min 
melting: R = 0.095 m; T m = 1700~ r ,  m; z, m. 1) T 
= 500~ 2) 700~ 3) 900~ 4) 1200~ 5) 1570~ 6) 
1640~ 7) 1700~ 8) 1900~ 9) 2100~C. 

2) the r a t e  v at which the ba r  fuses is constant;  

3) at the boundary between the liquid and the solid phases  l iberat ion of the latent  heat  of c r y s t a l l i z a -  
tion is taken into account (Stefan's condition}; 

4) at the boundar ies  between the ba r  and the c rys ta l l i z ing  tank and a lso  at the su r face  of the bath of 
meta l  there  is e i ther  heat  exchange with the medium of known t e m p e r a t u r e  or  there  is radiat ion.  

Since the fused ba r  is cyl indr ical ,  we introduce a cyl indrical  coordinate  s y s t e m  (r, z) with the or igin 
at the point of in tersect ion of the axis of the ba r  and the t ray ,  the z -ax i s  being di rec ted  upwards and the r -  
axis along the radius  of the ba r .  

Le t  D t be the region de te rmined  by the conditions 

D t = { 0 < r < R ;  O < z < L + v t } ,  
(1) 

F t - ~  Fit, 
t = 0  

where  F t is the boundary of the s y s t e m  consis t ing of the following par t s :  

F0t = {0 < r < R; z = 0}, 

Fu = {r = R; 0 < z < L + vt - -  lc}, (2) 

F~t = {r = R; L + v t - -  lc < z < L + v t } ,  

r3t = { 0 < r < R ;  z = L + v t } .  

The ma themat i ca l  p rob lem of de termining the t e m p e r a t u r e  field of the ba r  in the above physical  p r o -  
cess  can be formula ted  thus: it is r equ i red  to find the t e m p e r a t u r e  distr ibution function T(r ,  z, t) which is 
the solution of the p rob lem (3)-(6): 

OT , p(r ,  z) EDt, t > 0 ,  T(r, z, t) :r Tin, (3) div ( k (T) grad T) = c (V) p ~ 

94 



Z ' / 

z r 22 

o,~e // ?/ 

o,/6 ~ / I,s 

o, ta i / 
/ 

o,0# _ _ _ . . . f  r 
I4,00~ 

I 
o qo~ qmr ~ r 

Fig, 3 Fig. 4 

Fig .  3. Pos i t i on  of the c r y s t a l l i z a t i o n  i s o t h e r m a l  T m 
= 1700"C with t ime ;  R = 0.095 m; r ,  m; z, m.  1) t = 2.1 
rain; 2) 6.2 min;  3) 10.4 min;  4) 14.6 min;  5) 18.7 min;  
6) 22.9 min;  7) 25 min .  

Fig .  4. In f luence  of the e f fec t ive  t h e r m a l  conduc t iv i ty  
of  the l i q u i d - m e t a l  k,  on the pos i t ion  of the c r y s t a l l i z a -  
t ion i s o t h e r m a l ;  R = 0.0435 m; r ,  m; z,  m; the con t in -  
uous  l ine  r e f e r s  to k = 250 k c a l / m  . h .  ~ the dot ted to 
k = 25 k c a l / m  . h .  ~ 

- ~  .-[- ([k (7) grad T], grad O) = 0, T (r, z, t) --- Tin, (4) YP 

- -  k (73 ~ = F (7) ,  P (r, z )  C r , ,  (5) 
On 

Th=0 = To < Tin. (6) 

H e r e  ~ ( r ,  z,  t) = 0 is the equat ion  of the s u r f a c e  s e p a r a t i n g  the l iquid and so l id  phase s ;  [grad T] is the d i s -  
cont inui ty  in g r a d  T in p a s s i n g  th rough  the s u r f a c e  ~ ( r ,  z ,  t) = 0 and 

a o (T - -  T1), P (r, z) E Pot, 

F (7) = eg o [(T -k 273) ~ -  (r~ -4- 273)4], P (r, z) E ru,  (7) 

, a ,  (T - -  Ta), P (r, z) E F,t, 

- - q x W q 2 + q a ,  P(r, z)EFat, 

w h e r e  the T i ( i  = 1 ,2 ,  3) denote  the t e m p e r a t u r e s  of the ex t e rna l  m e d i a  on the p a r t s  F0t, Fl t ,  F2t of the bound -  
a r y .  

The heat flow at the boundary F3t comprises: 

i) the heat from the component are (30% of all power) 

0.3 IU 
qz = -  ; (8) 
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2) the heat requi red  to heat the drops of metal  breaking away f rom the e lec t rode at the superheat  t em-  
pe ra tu re  to the t empera tu re  T at the surface  of the metal  bath: 

cO 
q2 =-~o  (T-- T~ ); (~) 

3) the heat radiated f rom the m i r r o r  of the metal  bath to the e lect rode and in the gap between the wall 
of the crysta l l iz ing tank and the e lect rode,  

e e r 0 [(T + 273)' - -  ( r  e + 273)'], o <  r..< eel, 
qs = (lO) 

[e.o0(T + 273)', R e l < r <  R. 

The problem (3)-(6), natural ly,  cannot be solved analytieally because of the complexity of the boundary 
conditions, and also because  of the nonlineari ty of Stefants condition. Hence the problem is solved numer i -  
cally on a digital computer .  

The problem (3)-(6) is the three-dimensional  Stefan problem.  For  s imi la r  problems Oleinik [1] and 
Kamenomostskaya [2] have proved that there  is a general  solution and given a method for  solving them nu- 
mer ica l ly .  

We make the change of var iables  

T (l:) 
= .[ k (s) ds 

To 

and, following Oleinik and Kamenomostskaya,  we introduce the function 

a (~) = S ct'(s)'ds -[- [3r I (~ - -  #1), 
0 

where  o~ = (co/k); 51 = 5(Tm); /3 = yp, and 77(x) is Heaviside 's  unit function, 

(12) 

1, x >O ,  (13) 
n (x)=  O, x < O ,  

and, using the smoothing method of Oleinik we rep lace  the discontinuous function a (5) by the differentiable 
function a* (5): 

a* ( 0 ) = . f  c* (s) ds, (14) 
0 

where 

/ a(~), 0 < ~  = ~ 1 - - 6 ,  

cz (e), r + 6.<'0', 

2 28 

Here  (51 - 6, 5i + /5) is the smoothing interval  for a(5). 

Thus, we pass f rom solving the problem (3)-(6) to determining the general ized solution of the follow- 
ing problem: 

a ~  1 a~9 a ~  a~ 
Or'--- ~- + ~ c* ('if) --~ , P(r ,  z)E D t, t > O ,  (15) 

r Or Oz ~ 

_ 0_.~_~ ---~F (T(~)) ,  P(r, z)EFf, (16) 
On 

'O'lt= o = O. (17) 
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For  computa t iona l  conven ience  we t r a n s f o r m  to nondimens iona l  coo rd ina t e s  by putt ing 

r z t @ 
- - ;  = - - ;  x =  �9 u =  (18) 

x =  R Y L + vt --~ ' ~i 

H e r e  t* = {L* - L) /v ,  whe re  L* is the f ini te  length of the fused b a r .  Then condi t ions  (15)-(17) can be r e -  
wr i t t en  as  

a(x) a~u a. + ~(~) a,. au au + b(x) Ox ay ----T- + d(y' ~' u) -~y = f(u) -~-T ' O< x, y, w < l, 09) 

Ou .I = 0 ,  au x=i (20) 

0t/ tt=o Ou v=i av = ,  (u, % = o ,  ~ = - ,  (u, % = .  (21) 

ul.t= o = 0, (22) 

w h e r e  

[ ! .  x--/=o, 
a ( x ) = {  I, x=/=O, b ( x ) =  x '  

2 , ' x .=  0, 
O; x =0 ,  

~-(~) = .  /~ ~ _ _  c, (~ (.)) (L + vt*-cp' f (u) = t* 
d(y, T, u) vt*yf(u) R F(T(~(u))) ,  

L + vt*~' ~ (u) = - -  #--T 

(u, ~) = L + vt*~ F (T (~ (u))). 
"0', 

To so lve  the p r o b l e m  (19)-{22) n u m e r i c a l l y  we use  the P e a c e m a n - R a c h f o r d  method of s e p a r a t i n g  the 
two-d imens iona l  p r o b l e m  into o n e - d i m e n s i o n a l  p r o b l e m s  and so lve  the l a t t e r  by o n e - d i m e n s i o n a l  t r i a l  r uns .  

We in t roduce  a net  with u n i f o r m  s teps  61, 62, 63 in the v a r i a b l e s  x, y ,  ~" r e s p e c t i v e l y  and put 

u (x~, gs, ~ ) =  u ( i8 .  ]82, k @  = ur tl" 

We a p p r o x i m a t e  Eq. (19) at t ime ~'k+(1/2) by the d i f fe rence  s c h e m e  

1 k+~- 
a u i + U  

~f 

Ui]+l 

k+ T _  u~. 

= f (uk. % " tl )" 83 

and at t ime rk+  1 by the s c h e m e  

a u~+U - -  Zuq -t- tt,_ U 
g 

, i = 1 ,  2, 

I 1 
k+ T k+ T 

+ b(x 3 u~+v - -  ui-U 
28a 

k k 
( i )  U~) Ui]-}-I-  Lli]--I (23) 

+ d  y~, ~ + T  282 

. . . .  n - - l ,  ] = 1 ,  2 . . . . .  m - - l ,  

b (x~) "'+'J - us + cT~§ 
281 

1 

k+ ~i]-}-I - -  t~ , /_ ,  
+ d %+i, = ~ \u~ + q q 

8~ 

i =  l, 2 ,  . . . .  n - - l ,  ] = 1 ,  2 . . . . .  m - - l ,  

while we a p p r o x i m a t e  the bounda ry  condi t ions  (20)-{21) thus:  

1 k +  1 k+ T _  T,  u0i - - u  u ] = 1 ,  2 . . . . .  m - - l ,  

gk+l o~,k-[-I i �9 k-[-I 
ii+i - -  .'-'~q ~ uq--i 

~2 
2 (24) 

(25) 
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u m - -u, ,_ l  i R e~o {(T("(uni ) ) +  273) 
61 = - -  ~--~ 

• (T (8 (U]i)) +273) 3 - -  (T2 + 273)'}, P (x, g) E FI~, 

l__ t ~ ' !  
b"~ 2 ,__/./.n~- l 2]_ t tn] 

U k + l  U~o ~-1 il - -  

62 

R (T / / k + T \ \ - - T 3 ) ,  P(x, = -  tst, , , , ,  )) r2,, 

L + vt*~ 8,  % (T (,'~ (u~+')) - -Tx) ,  P(x, y)E Fo~, 

u~+l uk+l L q- vt*x { c6 (T k+l ira ~ irn--  I ) . - 
62 ~ l  - -  ql + - i f -  

(8  ( . , m ) )  + 

P (x, y) E rs,, 

w h e r e  the F W (i = 0, 1 ,2 ,  3) denote the domains  which the Fi t  (i = 0, 1 ,2 ,  3) a r e  t r a n s f o r m e d  in pas s ing  to 
nondimens iona l  coo rd ina t e s ,  while the funct ions 

s 0 < x -~. Rel 
2 - - e  ~176 " R ' 

p (x) = i ~%' R e l < x < R  1, 

( 
] (Te -f-273) 4 , 0 < x <  Rel 

O, - < x ~ l  

(26) 

(27) 

(28) 

a r e  in t roduced  to s impl i fy  the nota t ion.  

We ca lcu la te  the t e m p e r a t u r e  f ields for  t i tanium and s tee l  b a r s  by the method indicated.  In one of 
the v a r i a n t s  fo r  t i tanium b a r s  the fol lowing cons tan ts  w e r e  used :  R = 0.095 m, Rel  = 0.06 m,  I = 3.4 kA. 
U = 24 V, L* = 0.4 m, I c = 0.072 m,  G = 87 kg /h ,  v = 0.684 m / h ,  L = 0.02 m,  p = 4500 k g / m  3, 7 = 100 kca l  
/ kg ,  T m = 1700~ T e = 1775~ eliq = 0.4, e '  = 0.7, a o = 2000 k c a l / m  2 . h .  ~ a 2 = 850 k c a l / m  2 . h -  ~ and 

= f  [ 0.01475 r q -  7.525, T < T m ,  k(T) 
25, T ~ T m, 

c(T) = I 0.11 + 0.19.10-3 T - -0 ,1 .10 -6  T2 ' T ~  1000 ~ 
( 0.2, T>~ IO00~ 

For  this va r i an t  the i s o t h e r m a l  field af ter  25 rain mel t ing  is shown in Fig.  2 and the m o v e m e n t  of the i s o -  
t he rma l  T = T m as t ime pas se s  is shown in Fig.  3. 

An e s t ima te  of the value  of the t e m p e r a t u r e  of  the meta l  bath can be obtained by putt ing the heat  flow 
through the boundary  F3t equal to ze ro :  

~ I --k(T) rat= --ql--~ qz q-q3 =0.  

Making the change of va r i ab l e  x '  = (T + 273) /100 and subs t i tu t ing  the n u m e r i c a l  va lue  of the cons tan t ,  we obtain we 
obtain a four  t h - o r d e r  equation fo r  x ' ,  one of the roo t s  of which is negat ive ,  two a re  complex  and the four th  y ie lds  the 
app rox ima te  value T = 2200~ for  the above va r i an t ,  which a g r e e s  well  with the r e s u l t s  of the c o m p u t e r  computa t ion .  

The r e s u l t s  w e r e  a l so  c o m p a r e d  with those f r o m  the l a b o r a t o r y  fu rnace .  The re  was  good a g r e e m e n t  
with expe r imen t  in the ca lcu la t ion  of the m a x i m u m  t e m p e r a t u r e  unde r  the e l ec t rode  and a l so  in the depth 
and shape of the l iquid bath.  Thus ,  the depth of the bath obtained f r o m  computa t ions  d i f fe red  f r o m  that m e a -  
s u r e d  exper imen ta l ly  by 5-10%. The m a x i m u m  bath t e m p e r a t u r e  coinc ided to within 5%. 
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The degree of approximation of the computed data to the experimental  data depends not only on the 
accuracy  of the computations, but also on the accuracy  with which the boundary conditions and the the rmo-  
physical  constants are  specified. The lat ter  are  usually measured  during the experiment and are  de te r -  
mined very  approximately.  The weakest  point is the choice of the effective thermal  conductivity of melting 
since there  is a lmost  no information about this in the l i te ra ture  and experimental  determinat ion of the co-  
efficient is vir tually impossible due to the complex convective motion in the liquid region.  To verify the 
extent of the influence of the effective thermal-conduct iv i ty  coefficient of the liquid metal on the t empera-  
t-ure field of the bar ,  the problem was solved for a titanium bar  with k between 25 and 250 kca l /m  �9 h-  ~ 
Figure 4 shows the 1400~ and 1700~ isothermals  for a bar  of diameter  870 mm in steady state conditions 
for k = 250 and 25 kca l /m  . h .  ~ The position of the crysta l l izat ion front (Tm = 1700~ var ies  little when 
k increases  by an order  of magnitude, although the tempera ture  field itself in the liquid metal var ied in 
such a way as to reduce the gradients .  This makes it possible to say that some degree of convection in the 
liquid bath has little effect on the crysta l l iza t ion front shape. 

The var iants  were  computed on a B]~SM-2 computer .  

The computed resul t s  and also their compar ison with experimental  data show that the mathematical  
model describing the fusion p rocess  in a vacuum-a rc  melting and the numerica l  method given can be used 
to study the melting p rocess .  
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NOTATION 

is the melting point; 
is the electrode face temperature ;  
m the melting ra te ;  
~s the bar  radius;  
m the electrode radius;  
ts the templet thickness; 
is the height of contact  zone; 
is the thermal  conductivity coefficient; 
~s the specific heat capacity;  
ts the density; 
~s the latent heat of melting; 
is Bol tzmann 's  constant;  
~s the degree of blackness;  
a re  the heat t ransfer  coefficients in F2t and F0t respect ively;  
is the current ;  
is the voltage; 
is the a rea  of bath m i r r o r ;  
is the furnace output; 
a re  the dimensioned coordinates;  
a re  the nondimensional coordinates .  

i. 
2. 
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